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ABSTRACT 

A geometrical characterization is given for those convex subsets of a Banach space 
(more generally a hyperbolic space) which possess the approximate fixed point 
property for nonexpansive mappings. 

1. Introduction 

Let C be a closed convex subset o f  a Banach space X. C is said to have the ap- 

proximate fixed point  proper ty  for nonexpansive mappings (AFPP)  if for  every 

nonexpansive mapping  T:  C H C, i.e. 

I T x -  Tyl <_ l x -  y I for all x, y E C, 

inf[  I x -  Tx t IxE C} = 0 .  It is natural  to look for  a geometrical  characterization 

o f  those C which possess the AFPP .  The best result to date is that  o f  Reich [7]: a 

closed convex subset o f  a reflexive Banach space has the A F P P  if and only if it is 

linearly bounded  (i.e. its intersection with any line is bounded) .  As was noted in 

[7], this result is not  valid in all Banach spaces. Actually, we shall see in Section 3 

that this characterization is valid for a Banach space X if and only if X is reflexive. 

In this note we shall present a more  general geometric characterizat ion o f  the 

A F P P  that is valid in an arbitrary Banach space. In fact, our result is true even for 

a more general class of  metric spaces with a convexity structure, namely hyperbolic 

spaces. In Section 2 we shall give a definit ion o f  hyperbolic spaces and prove our  

main  theorem on the characterizat ion o f  the A F P P  in those spaces. In Section 3 
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we restrict our attention to the Banach space case. The problem we are interested 

in is whether in every Banach space there is an unbounded closed convex subset 

which has the AFPP. We have been unable to solve this problem for all Banach 

spaces, but we shall see that the only case that still needs to be resolved is of  an 

isomorphic image of l~. 

2. The AFPP in hyperbolic spaces 

Let (X,p)  be a complete metric space. Assume that there is a family M of metric 

lines (isometric images of  R) in X such that for every x,y  E X, x ~ y, there is a 

unique metric line in M that passes through x and y. The closed metric segment 

connecting x and y will be denoted by [x,y]. For every 0 _< t _< 1 we shall denote 

by (1 - t )x  ~ ty the unique point z E [x,y] satisfying p(x,z)  = to(x,y)  and 

p(z ,y)  = (1 - t )o(x ,y) .  

We shall say that X, or more precisely (X ,o ,M) ,  is a hyperbolic space if 

1 1 1 1 ) 1 p 5x®~.v, Sx®Sz <-~o(y,z) 

for all x, y and z in X. 

An equivalent requirement is that 

p((1 - t)x ~) tz,(1 - t )y  Q tw) <_ (1 - t )p(x ,y)  + tp(z, w) 

for all x, y, z and w in X and all 0 _< t _< 1. 

Hyperbolic spaces were introduced by Kirk [4] and were studied in [8]. We men- 

tion briefly some examples of  these spaces. Clearly all Banach spaces are also 

hyperbolic spaces. So is the Hilbert ball B equipped with the hyperbolic metric [3, 

p. 104] and B ~, the Cartesian product of  n Hilbert balls, equipped with the hyper- 

bolic metric (see [6]). Another example, the details of  which will appear elsewhere, 

is the open unit ball of  L(H) ,  the space of all bounded linear self-mappings of  a 

complex Hilbert space H,  with the hyperbolic metric. Finite dimensional examples, 

which are less interesting for our purpose here, are given by Hadamard  manifolds, 

simply connected complete Riemannian manifolds of  nonpositive curvature (see 

[1]). New examples can be constructed from old ones by a product procedure 

which is described in [8]. We remark that the AFPP (and the FPP) in the Hilbert 

ball are discussed in [3, p. 149]. 

Throughout this section X will denote a hyperbolic space. A subset C C X is said 

to be convex if [x,y] E C whenever x,y  E C. A mapping T: C ~-. C is said to be 

nonexpansive if p(Tx, Ty) <_ p(x ,y)  for all x,y  E C. We shall say that C has the 



Vol. 71, 1990  APPROXIMATE FIXED POINT 213 

A F P P  if inf{p(x,  T x ) I x E  C} = 0 for every nonexpansive mapping  T:  C H  C. Next 

we in t roduce  the concepts  o f  d i rec t ional  curve and d i rec t ional  sequence tha t  will 

be essential  in the sequel.  

DEFINITION 2.1. A curve 3' : [0,oo) H X is said to be d i rec t ional  (with cons tant  

b)  if  there  is b _> 0 such tha t  

t -  s -  b <_ p ( 3 " ( s ) , 7 ( t ) )  <- t -  s 

for  all t >_ s___ O. 

A sequence Ix .  in_>1 C X is said to be d i rec t ional  if: 

(1) p ( x l , x n )  ~ oo as n --, o% 

(2) there  is b _> 0 such that  

l--1 

p(xn , , x~ , )  >- ~ p ( x , , , x ~ , +  1) - b  
i=1  

for  all n l  < n 2  < • • • < n l .  

DEFINITION 2.2. A convex subset C is called direct ionally bounded  if it contains 

no d i rec t ional  curves.  

LEMMA 2.3. A convex  subset  is directionally b o u n d e d  i f  and  only  i f  it contains  

no direct ional  sequences .  

PROOF. Suppose  C contains  a direct ional  curve 3, ( t )  with a constant  b. Choose  

any  posi t ive sequence {tn }n~-i such that  t .  ~oo and def ine 

xi = 3 ' ( t i ) ,  i _> 1. 

F o r  nl < n2 < . - .  < nzwe have:  

p(xn , ,x~  1) = O(3"(t~,),3"(t.~)) >- tn, - t.~ - b 

l--1 I--1 

= ~ (t.,+, - t , ,)  - b _> ~]  p(x~,.x,,+~) - b. 
i=1  i=1  

Conversely,  if  C contains  a direct ional  sequence [xn 1~%1 with constant  b we define 

n--1 

tl = O, t~ = ~ p ( x i , x i+ l )  
i--I 

for  n _> 2, and  3 ' (G)  = xn for  n _> 1. We extend 3' to all  o f  R + by  3 ' ( 0  -- 

(1 - at)xn G atx .+l  where t .  - t < t .+l  and  at = ( t  - t ~ ) / p ( x . , x . + l ) .  
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p ( T ( t ) , 7 ( s ) )  >- 

We can now state 

THEOREM 2.4 .  A 

tionally bounded.  

If  tn+l > t >-- tn >- tm+l > S >-- t,,, then 

p(~r(tn+~),^/(s)) - p ( y ( t ~ + l ) , y ( t ) )  

p(  3,( t,~+l), 7 (  tm)) - O (3~(S),7(tm)) -- O( T( t~+~),'v( t)) 

p(X,+~,Xm) -- (S- -  6 ,)  -- (t,+~ -- t) 

~ O(Xi,Xi~l) -- b - (s - tin) - (tn+l -- t) 
i=m 

t - s - b .  

our  ma in  theorem:  

convex  subset C C X has the A F P P  i f  and only i f  it is direc- 

PROOF OF NECESSITY. Suppose  C contains  a d i rect ional  curve y ( t )  with a con- 

s tant  b. We def ine T:  C ~  C by Tx = 7 ( A x  + 1 + b)  where A x -  p ( ' y (O) ,x ) .  It is 

easy to see that  T is nonexpans ive .  In add i t ion ,  for  each x E C we have 

p(Tx ,  x)  = p ( y ( A ,  + 1 + b ) , x )  

>- p ( ' y (A~  + 1 + b ) ,3 ' (0 ) )  - Ax 

> - A x +  l + b - b - A x =  l 

hence C does not  have the A F P P .  

Note  the s imi lar i ty  o f  the above  cons t ruc t ion  to the one given in [5]. In  o rde r  

to prove  the suff ic iency par t  o f  the theorem we need some p re l imina ry  results.  

Let  C be a closed convex subset  o f  X and  T :  C ~ C a nonexpans ive  mapp ing .  

F o r  any x E C and t > 0 cons ider  the mapp ing  S : C ~ C def ined  by 

1 t x® Ty. S Y - l + t  

S is a strict con t rac t ion ,  hence by Banach ' s  f ixed po in t  theorem,  it has a unique  

fixed point  in C which we shall denote  by Jtx. The mappings  [J~b>0 thus def ined 

are easily seen to be nonexpans ive  and are  called the resolvents  o f  T, jus t  as in 

Banach  spaces.  

The resolvent  ident i ty  

Sx (l g~x ~( t ® 
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for  any x E C and  0 < s _< t can be easily verif ied.  The next l emma  appea r s  in [8] 

in a more  genera l  set t ing,  but  we include a p r o o f  for  comple teness .  

Fo r  u and v in X a n d  s > 0 we shall  denote  by  (1 + s)u (3 sv the unique  po in t  

w on  the metr ic  line connect ing  u and v tha t  satisfies p(w,  u) = so(u,  v) and 

p(w,  v) = (1 + s )p(u ,  v). 

LEMMA 2.5. qx  ~ C, 

l im O(x, J t x ) / t  = inf  P(Y, Ty).  
t~oo .v@C 

PROOF. By the resolvent  ident i ty  we have for  t _> s > 0, 

s 
p(X, Jsx) >- p ( x , J , x )  - p(J tx ,  Jsx) >- -t p ( x , J , x ) ,  

hence [ p (x, J tx) / t[  t > O] is nonincreas ing  and 

lim p(x ,J~x) / t  = L 
1 4 o o  

exists. Since p(x, J tx ) / t  = p(Jtx,  TJtx), it is clear that  L _ d = inf[p  (y,  Ty)[ y E C}. 

In order  to prove the reverse inequali ty we fix y E C and s > O. For  t >_ s we have 

s ( : )  
- x @ 1 - Jtx  = (1 + s )J tx  (3 sTJtx  
t 

hence 

pCy, J ,x)  <_p (1 + s ) y ( 3 s T y , - t x (  ~ 1 - J ,x  

<_ - p((1 + s ) y  (3 sTy, x)  + 1 - o((1 + s ) y  (3 sTy, J,x)  
t 

S S 
-< -t p ( ( l  + s ) y  (3 sTy, y)  + t p ( y , x )  

+ 1 - p((1 + s ) y  (3 sTy, y)  + 1 - p(Y, Jtx)  

s 
= sp(y,  Ty) + t p ( y , x )  + 1 - p(Y, Jtx) .  
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So we conclude that  o(Y,  J t x ) / t  ~ p(y ,  Ty) + p (y ,  x ) / t .  Lett ing t ~ oo we get L _< 

o(Y,  Ty) .  Since y was a rb i t r a ry ,  L _< d and  the result fol lows.  

Fo r  x E C and a posi t ive sequence [ti li°°=l we  cons t ruc t  a sequence [Yi }~=l (~ C 

as fol lows:  

si 1 
(2.1) Yl = Jl,x, Yi+l = Yi 0 - -  J~i+jx, i >_ 1, 

Si+ 1 Si+ 1 ti+ 1 

where 

•]1 j > _ l .  Sj  .~-z 
k=l tk' 

Note  that  in no rmed  spaces 

LEMMA 2.6. Let  {Yi} be de f ined  by (2.1).  Then,  f o r  m >_ 1 and  t >_ 

m a x [ t i l l  _< i _  m] ,  

( s )  p ( y m , J t x "  <- 1 -  p ( x ,  J t x ) .  

PROOF. We use induc t ion  on m. The  case m = 1 is clear  f rom the resolvent  

ident i ty .  Suppose  the result  is t rue for  m. Then  

Sm 1 
p ( Y m + l , J t  x )  ~_ p ( y m , J t x )  + - -  p (J tm. lX ,  Jt x )  

Sm+l Sm+l tm+l 

Sm m 1 -- tin+ 1//t 
<_ p(x ,  Jtx)  - - -  p (x ,  J tx)  + O(x , J , x )  

Sm+ 1 Sm+ 1 t Sm+l tm+l 

m + l  
= p ( x , J , x )  - -  p ( x , J , x ) .  

Sm+ 1 t 

LEMMA 2.7. Let  [Yi ]i%l be d~fined by (2.1). Then f o r  every m >_ 1, 

p ( Y m , X )  ~ md/sm,  where d =- inf  p ( y ,  Ty) .  
y@C 

PROOF. Fix any t _> max[  t i l l  <_ i _< m l .  Then  by L e m m a  2.6, 

m 
p (ym ,X)  >- p (x ,  Jtx)  - P ( y m , J t x )  Z - -  p (x ,  J t x ) / t  >- md/sm.  

Sm 
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We are now ready to complete the proof of  Theorem 2.4. 

CONCLUSION OF THE PROOF OF THEOREM 2.4. If  (a closed) C does not 

have the AFPP,  then there is a nonexpansive mapping T:  C ~ C such that 

inf{p (y, Ty)] y E CJ = d > 0. We shall show that C is not directionally bounded. 

Fix any x E C. We shall construct a sequence {yi]~°:l defined by (2.1) with an ap- 

propriate choice of [ti b%1- We choose tl such that 

1 
p(x ,J , , x ) / t l  <- d + ~, 

so y~ = Jt~x. Having chosen t~,t2 . . . . .  tm, and therefore Y~,Y2 . . . . .  Ym, we next 

choose tm+l such that 

( i )  tm+l >- 2tin, 
(ii) p(Jtm+,X, ym)/ tm+l  <- d + 1/2 re+l, 

and define Ym+l as in (2.1). The existence of tm+ l is guaranteed by Lemma 2.5. 

We claim that [Ym ]m=~ thus defined is a directional sequence. 

It is enough to show that 

[n~_alp(yi,Yi+l)--p(yl,yn) 1 
i= I  in>_2 

is bounded. 

By our construction 

p (Yi,Yi+l) = 0 (Jti+l x, Yi)/(Si+l ti+l) <-- (d + 1/2 i+1 )/Si+l 

for every i, so by Lemma 2.7 we have, for n _> 2, 

n- - I  n- - I  

~a O(Yi,Yi+l) - P (Yl ,Y,) <- ~ (el+ 1/2 i+1 )/si+l - dn/s, + tl (d+ 1/2) 
i = l  i= l  

= [ (d+l /2 i ) / s i -d / sn]<_t1+d~_~ - - -  
i = l  i=1 Sn 

n - 1  n,~ 1 n - I  
< t , + t Z d Z  ~_~ < t , + t ~ d Z  2 _ - _ - -  -< t ~ ( 2 d +  1 ) .  

i=1 j = i + l  t j  i= l  ti+l 
Hence [Yi} is indeed directional, and by Lemma 2.3 this completes the proof. 

3 .  T h e  B a n a c h  s p a c e  c a s e  

Throughout this section X will denote an infinite dimensional real Banach space. 

We are interested in finding unbounded convex subsets that are directionally 
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bounded ,  hence have the A F P P  by Theorem 2.4. As it turns out,  in Banach spaces 

there  is a useful  cr i te r ion  which enables  us to check whether  a convex subset  is 

d i r ec t iona l ly  b o u n d e d  or  not .  We shall  deno t e  by  S ( X )  and  S ( X * )  the  uni t  

spheres o f  X and X*  respect ively.  F o r  x E X we shall  denote  the set 

[ f E X * ; I J [  = Ix[ a n d f ( x )  = Ix[  2 } 

by J (x ) .  We begin with a l emma:  

LEMMA 3.1. Let 7 ( t ) be a directional curve with constant b in a Banach space 

X.  Then there is a functional f C S ( X * )  such that 

t - s - b < _ f ( 3 " ( t ) - . 7 ( s ) ) < _ t - s  foral lO<_s<_t .  

PROOF. F o r  r > b cons ider  f r  E J((3"(r) - 3 ' ( 0 ) ) / [ 3 ' ( r )  - 3,(01) and  l e t f  be a 

weak* l imit  o f  a subset  o f  {fr; r > b] as r tends  to inf ini ty.  F o r  t _> s _> 0 t ake  

r > m a x ( t , b ) .  Then 

fr(3"( t) - 3"(s)) = f r ( 3 ' ( r )  - 3'(0)) - -  f r ( 3 " ( r )  - -  3'( t))  - -  f r ( 3 " ( S )  - -  3'(0)) 

>--- 13'(O -- "~ (0)1 -- 13'(r) -- 3 '( t) l  -- I'Y(S) - 3'(0)1 

> r - b - ( r - t ) - s = t - s - b .  

We conclude  tha t  f ( 3 , ( t )  - 3'(s~) > t - s - b for  any  t _ s _ 0 and  tha t  f E 

S ( X * ) .  The result  fol lows.  

THEOREM 3.2. A convex subset C C X has the A F P P  if  and only i f  for  every 
X o~ sequence { , } , = 1 C  C such that [x, I ~ oo as n ~ co and every f E S ( X * ) ,  

l imsup f (x~/ lx~[)  < 1. 
n ~  ~o 

PROOF. I f  C does not  have the A F P P ,  then  by T h e o r e m  2.4 it con ta ins  a di- 

rec t ional  curve 3 ' ( t ) .  Tak ing  xn = 3 '(n)  and  the func t iona l  f E  S ( X * )  given by  

L e m m a  3.1 we cer ta inly  have l imn~of(xn/]x~])  = 1. 

The p r o o f  of  necessity is similar to the p r o o f  o f  sufficiency o f  Theorem 2.4. Sup- 

pose we have an u n b o u n d e d  sequence {xn },,~1 E C and a func t iona l  f E S ( X * )  

such that  l im~o~f(x~/Ix~ ]) = 1. We may  assume t h a t f ( x J ] x ~ ] )  _> 1 - 1/2 n for  

all n. We now define induct ively sequences { n i l ~ -  1 and [ Y i l i ° ~ = l  ( C such that  {Yi} 

is a di rect ional  sequence. We set n I ---- 1, Yl = Xl and for i -> 1 we choose  ni+~ such 

tha t  

[xni+~[ >2[x ,~ [  and  I x , , + ~ - y , I / I x n , + , [ - <  1 + 1/2 i+1 
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and set 

\ j = l  / [ j = l  

A computat ion similar to the one given in the proof  of  Theorem 2.4 shows that 

[Yi]i°°_l is a directional sequence, hence C does not have the AFPP. 

REMARK 3.3. In Theorem 3.2 we may replace " f C  S ( X * ) "  by " f  which is an 

extreme point of  S ( X * ) " .  Indeed, if C contains a directional curve q,(t) then 

a -- inf sup (t - g ( ' y ( t )  - 3'(0))) 
gES(A '* )  t>0  

is finite by Lemma 3.1. Note that the "sup" can be replaced by "lim" since the 

function H ( t )  = t - g ( ' y ( t )  - "r (0)) is nondecreasing for t > 0. The infimum a is 

attained since if the sequence 

an -- sup (t  - g n ( ' y ( t )  - 3'(0))) 
t>0  

converges to a, then for any t > O, t - g ( ~ ( t )  - 7(0)) _< a where g is a w* accu- 

mulation point of  the net [ gn 1. The set 

F = { f e S ( X * ) ;  sup ( t - - f ( ~ ( t ) - - 2 / ( O ) ) )  = a ]  
t>O 

is a nonempty w*-compact  and convex subset of  S ( X * ) .  Hence by the Krein- 

Milman theorem it contains an extreme point. Since F is clearly an extremal sub- 

set of  S ( X * ) ,  i.e. f , g  E S ( X * )  and ( f +  g ) / 2  E F = f , g  ~ F,  this extreme point 

is also an extreme point of  S ( X * ) .  

EXAMPLE 3.4. Consider the subset C of Co given by 

c [Ix,  • co; Ixil ai for every i] 

where {an ] is a positive unbounded sequence. C is clearly a closed unbounded 

convex subset of  Co. We claim that C has the AFPP. Indeed cg = Ii, the extreme 

+ = where l en] denote the coordinate functionals, all of  points of  Ii are {-enln=l 

them are bounded on C, so for any such functional f and any sequence [yn },%1 C 

C for which lY~I ~ ° ° , f ( Y ~ ) / l Y ~ I  -~ O. The result follows from Remark 3.3. 

The next result shows that we can replace directionally bounded by linearly 

bounded in Theorem 2.4 if and only if the Banach space X is reflexive. 
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PROPOSITION 3.5. In a Banach space X,  every closed and convex subset that & 

linearly bounded is directionally bounded i f  and only i f  X & reflexive. 

PROOF. The sufficiency part follows from Reich's result [7] and Theorem 2.4, 

but we give a direct proof  for completeness. I f  X is reflexive and C C X is a closed 

and convex subset which is not directionally bounded, then there is a directional 

curve 3,(t) contained in C. Let t, 1" oo be a sequence such that 

w 
3 , ( t , ) / l ! / ( t , )  I --~ v. 

By Lemma 3.1 there i s f E  S(X*)  such tha t f ( ! / (G)) / lT(G)]  ~ 1, h e n c e f ( v )  = 1 

and v E S ( X ) .  Fix a n y y  E C. We claim that the half line lY + svls  > 0} is con- 

tained in C. Indeed, for any s > 0, 

w e a k  l i m  ([3,(t,,) I - s ) y / l v ( t , )  I + s ' / ( t , ) / l v ( t , ) l  = y + sv C C. 
tT~oo  

Conversely, suppose X is not reflexive. Then by James '  theorem there is a func- 

t i o n a l f E  S ( X * )  which does not attain its maximum on S ( X ) .  We choose a se- 

quence [y,J from S ( X )  such that 

We define 

co 

ff=a (I - -  f ( Y i ) )  <-- 1. 
i = l  

?/ 

x~ = ~] yi for n >_ 1, 
i = 1  

and set C = clco[xn ; n _> 1 }. C is not directionally bounded since it contains the 
co . directional sequence Ix,  I,,=l. 

I x s - x i + l l - l x ~ - x n l  =: l y i l -  y~ < n - I -  f ( y i ) < l .  
i = 1  i = 2  i = 2  

We claim that C is linearly bounded. For 

we have 

Z = ~ cixi, where ci >- O, for all i and ~ ci = 1, 
i = 1  i = 1  

i= l  i= l  i= l  
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so 

f ( z )  / I Z I >>- ici - 1 ci I xi [ > 1 - 1 ici. 
i=1  

It follows that  if C contains a half  line {y + sv I s  > 0} then 

lim f ( y  + s v ) / l y  + sv[ = 1, 
s~oo 

s o f ( v )  = 1, contrary  to our  assumption.  

Next we shall deal with construct ion o f  unbounded  convex subsets which have 

the AFPP.  We shall use the following definition: 

DEFINITION 3.6. A sequence {x~ 1~%1 C S ( X )  is called a (P)-sequence if for ev- 

ery f u n c t i o n a l f E  S ( X * )  there is a functional g E S ( X * )  such that 

lim sup f ( x ~ )  < lim inf g ( x , ) .  

LEMMA 3.7. I f  X contains a (P)-sequence then X contains an unbounded  con- 

vex  subset  C which is directionally bounded.  

PROOF. Let Ix,  ; n __>_ 1} C S ( X )  be a (P)-sequence, define y~ = nx ,  and con- 

sider C -- co{y~ ; n >_ 11. We claim that C is directionally bounded.  I f  not,  there 

i s f E  S ( X * )  and {Zrl}n°°=l in C such that [z.[ --, oo and l im .~o~ f ( z . ) / l z~ [  = 1. But 

since [x~} is a (P)-sequence, there is g E S ( X * )  such that g ( x . )  > (1 + 3 e ) f ( x . )  

for  n _> no and some e > 0. This implies that g ( z . )  > (1 + 2 e ) f ( z . )  for n _> n~. 

We get for n >_ n~, 

1 + ~ < g(z,~)/Iz , , I  <- t, 

a contradict ion.  

PROPOSITION 3.8. I f  X does not  contain an i somorphic  copy o f  li, then there 

is a convex  unbounded  subset  C o f  X which has the AFPP.  

PROOE. It is clear that  we may assume that X is separable. First, we consider 

the case when X is reflexive. By Propos i t ion  3.5, it is sufficient to find an un- 

bounded  closed and convex subset that  is linearly bounded .  Let [x~ }n%~ be a 

dense sequence in S ( X )  and for  any n _> 1 choose f~ E J ( x , ) .  Note that for any 

y E X, [y] = sup[ f , , ( y ) [n  >_ 11. Next we define a sequence [y,,}~=~ as follows: 

YnE f i  kerf i  and ]Y~I = n .  
i=1  
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We set C = clco{ y .  }.%~ and c la im that  C is l inear ly bounded .  Indeed,  i f  for  some 

v such tha t  I vl = 1, {y + svls > O] C C, then there  exists some no such tha t  

hence 

f .o(V) > O, 

f .o(Y + nv) --, 

But by our  cons t ruc t ion ,  

as n - - ,  ~ .  

sup f .o(x) <- no - 1 ,  
x E C  

a con t rad ic t ion .  

Now,  consider  the case when X is not  reflexive. Since X does not  conta in  lj iso- 

morphica l ly ,  the Ode l -Rosen tha l  theorem (see [2]) states that  S(X)  is w*-sequen- 

t ia l ly dense in S(X**). Let 4 E S(X**) be such tha t  the m a x i m u m  of  q~ on  S(X*)  
is not  a t ta ined .  Choose  {x. 1.=1 C S(X)  such tha t  x .  ~ 4~ as n--, w in X**. Clear ly  

{x.]  is a (P)-sequence and  the result  fol lows by  L e m m a  3.7. 

It is interest ing to note  tha t  a l though  the above  p r o p o s i t i o n  does not  cover  the 

case X = I i ,  its conclus ion  is still val id in this case, too.  

EXAMPLE 3.9. We shall  show tha t  there  is an u n b o u n d e d  convex subset  o f  l 1 

which has the A F P P .  By L e m m a  3.7 it is enough to f ind a (P)-sequence in Ii.  Let  

{e.1.%1 denote  the s t a n d a r d  base o f  Ii and  let ~ = (c~,),,~=1 C Ii be such that  

c~ i > 0 for  all i and  ~]  c~, = 1. 
n = l  

Consider  the sequence {x,],~_l where x ,  = ~ - e , .  Fo r  m _ 1 le t fm = (a(,,m)),%l E 
S(I=) be def ined by a~ m) = 1 f e r n  _ m and a~ m) = - 1  for  n > m. We have 

i = 1  i = m + l  

for  n > m. Hence  

sup lim fm(X,) = 2 = lira Ix.I. 
m ~ l  n ~ a ~  n ~  

We claim that  for  e v e r y f E  S(lco), l im s u p f ( x . )  < 2. Fo r  f =  (a.).%1 E S(l=) we 

have 

f ( x . )  =:f(c~) - a .  for  all n. 
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I f  an > 0 for  all  n t h e n  f(xn) < 1 for  all  n. O t h e r w i s e ,  i f  at - 0 for  s o m e  l t h e n  

f (o~)  _< 1 - c~t a n d  s o  v n ,  f(xn) < 2 - at .  In a n y  case  Iim s u p  f ( x n )  < 2,  h e n c e  

Ixn/Ix.ll.%~ is a (P)-sequence.  
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